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ABSTRACT 

We construct, for 1 < p < ~, p ~  2, an operator on L p whose distance to the 
space of compact  operators on L p is not attained. We also show that the identity 
operator on L p, p ~  1,2,oo has a unique best compact  approximation.  

Introduction 

Let X be a Banach space, and denote by B ( X )  and K ( X )  the spaces of all 

bounded, respectively compact, linear operators on X with the operator norm. 

Several authors studied the problem of identifying spaces X so that for each 

T @ B(X),  its distance to K ( X )  is attained. Of particular interest is the problem 

of identifying which of the standard Banach spaces have this property. Several 

authors proved that X =  lp (l=<p < ~ )  has this property (see [1] and its 

references). It was shown by Feder [4] that when X is L ~, L =, l = or C[0, 1], there 

are operators on X without best compact approximation (see also [2]). For L p, 

p ~  1,2, ~, only partial results were known; Weis [6] showed that certain integral 

operators on L p do have a best compact approximation. In this article we show 

that this is not true for all operators o n  L p" 

THEOREM 1. For every 1 < p < ~, p ¢  2, there is an operator on L ~ whose 

distance to the compact operators on L p is not attained. 

As mentioned above, the theorem is known for p = 1, oo, and fails for p = 2. 

We shall thus assume throughout that 1 < p < ~ and p ~  2. 

t Research partially supported by NSF grant  DMS-8201635. 
Received July 15, 1984 and in revised form December  17, 1984 

298 



Vol. 51, 1985 O P E R A T O R  ON L p 299 

In §1 we describe a simple general successive approximation scheme, which 

was used in all the positive results described above. The key observation is that 

for the particular case at hand, the failure of this scheme is equivalent to the 

failure of best compact approximation for some operator on L p. In §2 we prove 

Theorem 1 by showing that the successive approximation scheme indeed fails for 
operators on L P, p ~ 1,2, 00. 

In §3 we show that L p behaves differently from Ip also with respect to the 

uniqueness of best compact approximation. If T E B(lp) is not compact, its 

distance to K(lp) is attained at many compact operators. This is a general 

phenomenon in M-ideals [5]; see also [1]. This is no longer true for operators on 

L". As the next theorem shows, the zero operator on L p is the unique best 

compact approximation of the identity operator, L in a very strong sense. 

THEOREM 2. Fix p ~  1,2, oo. For each e > 0  there is a ~ ( e ) > 0  so that if 

K ~ K ( L  p) and IIKII>e, then III-KII==- 1+8(~) .  

We shall use standard Banach space notation and terminology; see e.g. [3]. 

We thank Ted Odell for many useful discussions on this subject. 

§1. Let E be a Banach space and F C E a closed subspace. We shall say that 

E and F satisfy the successive approximation scheme if there is a function 

q~(e)> 0, defined for e > 0 and satisfying lim~0÷ ~ ( e ) =  0, with the following 

property: 

Given any x E E with 1 = d(x ,F)  <- _ IIx I1< 1 + ~, and any 6 >0 ,  there is a 

y ~ F  with I I x - y l l < l + ~  and so that j lyll<,p(e).  

LEMMA 1. If E and F satisfy the successive approximation scheme, then for 

every x C E there is a y E F with d(x,F)--IIx - y l l .  

PROOF. Assume d ( x , F ) =  1, and for every ./ find ~j > 0  so that q~(~j)<2-( 

Let y, U F be such that }]x - yl I1< 1 + 8,. Now find y2 E F so that l)y~ll < ,p(~,) < 

2 ' ad so that H x - y l - y 2 H < I + ~ 2 .  Continue inductively: If yl . . . . .  yj are 

already chosen with IIx - ~ y, II < 1 ÷ ~,, choose  y,+, ~ F, IlY,~lll < 'P(~,) < 2 '  and  
so that ]Ix-E{ ÷ 'y ,11<l+6,+, .  Put now y =ETy,.  The series is absolutely 

convergent, and obviously IIx - y II-- 1 -- d(x, F). 

Before we pass to the converse for the space of operators on L", we introduce 

some standard notation. We denote by (EOLP)p  the space of all sequences 

f = (f,, f2 . . . .  ) with the norm [If 1] = (E [[ f~ II~ )'/"-The space (E G L P)p is isometric 

to L p. If T. is a uniformly bounded sequence of operators on L e, we define 

T = O T, on (Y ~) LP)p by T(f~ ,f2 . . . .  ) = (T~f~, T2f2 . . . .  ). Then T is a bounded 
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l inear ope ra to r  with 11T[[ = sup II Tn II. Let  P, be the pro jec t ion  on the n th  copy of 

L p, i.e. P , ~ i , f 2  . . . .  ) =  f , ,  then IIP.ll = 1. If g is a compac t  ope ra to r  on 

( ~ 0  LP)p then P, KP, is a compac t  o p e r a t o r  on L p, and !]P.KP. ll---,O. Indeed ,  

o therwise  we could find a > 0, an increasing sequence  nj, and / / ~  L p with 

Ill, II = a and [I P.,KPo,~ II--> ~. But  then put t ing gj = (0 , . . . ,  0, ~, 0 . . . .  ) (~ in the njth 

posi t ion)  we have  IIg, ll= 1, g j ~ 0  in (Y~(~LP)p, yet IlKgjll>-_llP.jgPo, g, ll>=a, 
contradic t ing the compac tness  of K. 

LEMMA 2. If the spaces E = B(L  e) and F =  K(L  p) fail the successive 
approximation scheme, then there is an operator T E B(L p) with no best compact 

approximation. 

PROOF. Assume  the scheme fails, and find a > 0, a sequence  of ope ra to r s  T, 

on L p and number s  6, > 0 so that  

(i) 1 = d(T., K(LP)) < II Tn II < 1 + a/n. 
(ii) If K E K(L  p) and ]l T, - KII < 1 + &,  then IIKI] => a. 

We  show that  T = @ T, has no best  compac t  approx imat ion .  Note  first that  

d(T,K((EOLP)p))<=I. Indeed ,  given e > 0 ,  fix N > l / e  and find for  each 

n --_< N a compac t  ope ra to r  Kn on L p with II go  - Z. II < 1 + ~. Put  also g .  = 0 for  

n > N, then K = @ K.  is compac t  and [t T - g II = sup IIT. - g .  II < 1 + e. 

A s s u m e  now that  there  is a compac t  ope ra to r  K on (E O LP)p with [[ T - g II--< 
1. Since K is compac t  we can find n so large that  ][P.KP. I1< a/2. But  then 

II Tn - P, KP, ]l = lIP,( T - K)P, II <= II T - gll--< 1 < 1 + 6, 

yet  P.KP, is a compac t  ope ra to r  on L e with IIP.KP. II < a/2. This contradicts  (ii). 

§2. F rom now on fix 2 < p < ~. (For 1 < p < 2 the result  follows by duality.)  

R a t h e r  than  work  with LP[0, 1], it will be  m o r e  conven ien t  for  us to work  in this 

sect ion with the space LP(R), where  R is the rectangle  R - - [0 ,2 ]  × [0, 1] with 

the Lebesgue  m e a s u r e / x  (i.e./x ( R )  = 2). Of  course  L p ( R )  is i sometr ic  to L P. Let  

P be  the pro jec t ion  in L p ( R )  on the space of all funct ions which depend  only on 

their  x -coord ina te ,  i.e. 

(Pf)(x, y)  = fo I f(x, t)dt. 

P is a no rm one  pro jec t ion  on an infinite d imens ional  subspace ,  hence  

d(P, K(LP(R))) = IIPII = 1. 

Fix any 0 < e < 1. W e  shall construct  a r ank  one ope ra to r  S on LP(R) so that  
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HP + S[[=<I+ e '/" + e 1/" (where p ' +  q - ' =  1), and so that whenever K is any 

compact operator on L p (R)  with II K II < 1/4, then 

(*) I[ P + S - K 11 >= 1 + Ce 

for some positive constant C depending only on p. Since d ( P  + S, K ( L " ( R ) ) )  = 

d ( P , K ( L P ( R ) ) )  = 1 and since e is arbitrary, this shows that the successive 

approximation scheme fails, and Theorem 1 will follow from Lemma 2. 

THE OPERATOR S. Let A = [ 0 , 1 ] x [ 0 ,  e] and B = [ 1 , 2 ] x [ 0 ,  e], and let XA 

and ~(. be their indicator functions. Define 

Then S~(B = XA, and using H61der's inequality one obtains that ]IS II = 1. 

To estimate II e + s II, fix [ ~ g P(R), and let f, = f I. and f2 = f - f , ,  and we 
make some preliminary computations. 

P f , ( x , y ) = O  if x _-< 1, and when x _-> 1 we have 

t,., ( l  t I P f ~ ( x , y ) [ =  f , (x ,  <=e '/q I f l (x . t ) lPdt  
I \ dO 

Thus II Pf, l[ p <= e p/" f ,  If  I"dtz, hence 

6) IIPfi[[--< ~"q Ilfll. 
Since Pf2 is constant on vertical segments, we have 

(ii) Ilx,,,ef~ll _-< ~'"llPf~l] -< e ' ' l l f2 ] l - -  -< e ' ' l l f l [ .  
Finally Sfl and ( l -  xa)PZ2 are disjointly supported, hence 

(iii) [[ Sf, + (1 - A'A )Pf211 = ([I Sf, lip + [[(1 - XA )Pf2 [I p )'/" ---<- (]]/~ ]1 p + II f2 II p )1/. = II f [[" 
Noting that Sf2 = O. we use (i)-(iii) and obtain 

[[(P + S)flq <= tiP[, 11 + LIxAP[~II + LLsf, + (1 - X~.)P[~II < (e 1,, + e '," + 1 ) { l f l l .  

PROOF OF THEOREM 1. Let K be any compact operator on L" (R). The idea of 

the proof is that the only way for [I P + S - K 11 to be small is if K "cancels" what 
S did, i,e. KXB should be approximately XA, but this forces II K II to be large. We 

now formalize this. 

Assume K is a compact operator with [[KI[ _-< 1/4. Let r, be the Rademacher 

functions on [0,1] and define h, E L P ( R )  by 

h , ( x , y ) =  {r.(x),0, l<x=<2.0=<x--<l' 
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The functions h, are disjointly supported from XB, hence for each number A 
we have 

1 )  ha + AXB I[ = IIP + I A I P  I I X B  IIP )'Ip = (1 + 8 I A I P  
We shall show that 

(**I lim n II(P + S - K)(h, + AX,)II 2 (1 + 38 ( A  12/16)'1p 

Choosing A so that E ( A  12/16 = E I A IP, and using the fact that 

for small positive x, 

we obtain that 

where C = 1 A IP/p, proving (*). 
Since 11 K 11 < 1/4, 11 K(Xe)ll 5 ] I X B  1114 = ~ " ~ / 4 .  By Chebyshev's inequality we 

obtain that 

Thus, if we put D = {(x, y)  E A : I K(xB)(x, y)I 5 1/21, then p ( D )  2 

p ( A ) -  &/4=38/4 .  
Put I = [O, 11 x [0, I], the unit square, and let f = (S - K)xe = XA - K(xB). By 

the above f 2112 on D, a subset of I of measure at least 3814, and thus 

Now h, i 0 and S - K is compact, so limII(S - K)h, 11 = 0. Since also PxB 1, = 0 
and Ph, = h, we see that 

l imII(P+S-K)(h, +hxB)ll=limIIh,+~(f+Pxe)II 

(because JI I h, J2dp = 1 and lim$rfh,dp = 0 because h, 0). 
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But f ,  tf[2dtx => 3e/16, thus, since p > 2  we have 

lira II (P + S - K ) ( h ,  + AXs)[[ > (1 + 3e [h [2/16)'/2 > (1 + 3e ]h [2/16)1/P 

which proves (**) which, in turn, implied (*), hence the theorem. 

§3. In this section we again work with L p = L p [0, 1]. We fix 2 < p < ~ (again 

the case 1 < p < 2 follows by duality). We shall need two lemmas. 

LEMMA 3. There are positive constants [3 and a, depending only on p, and a 

sequence h, E L p so that 

(i) II h, II <- a for all n, 
(ii) hn --~ 0, 

(iii) II1 - h, I1 p +/3 I1 - A [P =< II x - ho II P for all n and for all scalars A. 

PROOF. Let X be the one-dimensional subspace of constants in L p, and let 

f = X1o,2/31 - 2X[2/3,~1. Let a E X be the nearest point in X to f. It is easy to check 

that a ~ 0. Let h = f /a ,  then the nearest point to h in X is the constant 1. We put 

= II h I]. Let h, be a sequence of stochastically independent functions on [0, 1] 

with the same distribution as h. Then II h, II = ,~, and h, --~ 0 because f hd~ = O. 

Also for each constant A, ]1 h, + A II = If h + A I], thus to prove (iii) we need only 

show that it holds for h. We shall use Clarkson's inequality, which for p > 2 gives 

ll½(f + g)llP +il½ff-g)lIP<=~(llfllP +llgllP) f o r a l l [ , g E L  P. 

Fix A, and take f = l - h  and g = ) t - h .  Since Ilkff+g)ll= 11½(l+,~)-h II--- 
dist(h, X) = II1 - h II, and since I I f -  g II P -- I1 - ,~ I P the lemma follows with 

/3 = 2'-p. 

LEMMA 4. Let a and/3 be as in L e m m a  3. I f  f, g C L p, with Ilfll-- 1, then there 

are functions h, @ L p so that 

(a) II h, II--< for all n, 
(b) h, -& 0, 

(c) I]f - h, II e + ½/3 II g II ~ --< I l l -  g - h, lip for all n. 

PROOF. We shall prove the lemma under the additional assumption that both 

f and g are simple functions, measurable with respect to the partition I..J7 Ai of 

[0, 1], and also that f ( x ) ¢  0 for all x - -  but with ½/3 replaced by/3 in (c). Since f 

and g can be approximated arbitrarily well by functions of the above form, this 

will prove the lemma. 

By renormalization and change of variable, Lemma 3 gives that for any subset 

A C f0,1] of positive measure, a C0  and b there are functions h, E L  p, 
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suppor ted  in A, h.--~ O, so that Ilh. II _-< la  [ c~ (A) ' /P  and so that 

~A la-h°Wd"+t3la-bW"(n)<-- fA Ib-h"]Pd"" 

Put  ai = f l a~ ,  bi = ( f - g ) t A ,  and use the above  to find h' . ,  suppor ted  in A~ 

satisfying h~.-~O, [[h~.][ -< _ [a, [al .z(A,)  '/p and 

f~ Ja'-h"Wdtz +t3[a'-b'Wt~(A')<<- fa Ib,-h'.lPdtz. 
i i 

Tak ing  h.  = Zihi .  and  s u m m i n g  the  above  inequal i t ies  over  i gives (c). 

Condi t ion  (b) is obvious,  and 

II h,  lip = E I[ h'°ll p _-< ~ I ai Ip,~p~ (A,)  = a p Ill II p = a p 

proving (a). 

PROOF OF TrlEOREM 2. Let  K be a compact  opera tor  on L p, and assume 

II[l[ = 1 and I I g f l l _  > - ~. Put g = K f  and use L e m m a  4 to find h, satisfying (a)-(c). 

Since K is compact  and h , - ~ 0 ,  IIKh, I1~0,  thus by (c) 

lim II(I - K)(f - h.)lW = l imllf  - g - h.  IV --> lim (Ill  - h.  IW + ~ IIg IW/2). 
n 

Thus II I - K II p ~ lim (11 f - h .  II p + t~ II g II p/2)/11Z - h .  II p. Since II g II --> ~ and 
I l l -  h. II--- 1 + ,~  we see that I l l -  g I1_-> (1 +/3~P(1 + a )  P/2) '/p = 1 +  ~(e) .  
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